. These changes are almost negligible when sedimentation velocity is concerned, but they are very important when it comes to the sedimentation potential. A justification for this fact can be given in terms of an Onsager reciprocal relation, connecting the magnitudes of the sedimentation potential and the electrophoretic mobility. As previously reported, the presence of a dynamic Stern layer exerts a great influence on the electrophoretic mobility of a colloidal particle, and by means of the Onsager relation, the same is confirmed to occur when the sedimentation potential is concerned. C 2000 Academic Press
INTRODUCTION
It is well known that when a colloidal suspension of charged particles is allowed to settle under gravity, the distortion in the electrical double layer surrounding each particle because of the fluid motion gives rise to a microscopic electric field (the relaxation effect). As a consequence, the falling velocity of the 1 To whom correspondence should be addressed. E-mail: carrique@uma.es. particle, i.e., the sedimentation velocity, is lower in comparison with that of an uncharged particle. On the other hand, these electric fields superimpose to yield a macroscopic electric field in the suspension, i.e., the sedimentation field or sedimentation potential gradient (usually called "sedimentation potential"). This field not only exerts an electric force on the particle but also modifies the velocity and pressure distributions in the fluid owing to the forces exerted on the electrolyte ions, resulting in a reduction of the sedimentation velocity of the particles.
A general sedimentation theory valid for nonconducting spherical particles with arbitrary double layer thickness was developed by Booth (1) , solving a set of differential equations similar to those in the theory of electrophoresis developed by Overbeek (2) and Booth (3) . Numerical results without the restriction of low surface potential in Booth's theory were reported by Stigter (4) using a modification of the theory of electrophoresis developed by Wiersema et al. (5) . Stigter found that the Onsager reciprocal relation between the sedimentation potential and the electrophoretic mobility, previously derived by de Groot et al. (6) , was satisfied by his numerical calculations. He also found that the Onsager relation was satisfied between the sedimentation potential defined by Booth (1) and the electrophoretic mobility defined by Henry (7) . Levine et al. (8) , using a cell model with the condition of zero net electric current for a suspension of charged spherical particles in the absence of external electric fields, derived analytical expressions for the sedimentation velocity and potential. They found some discrepancies between their results and Booth's. More recently, Saville (9) derived a formula for the sedimentation potential as a power series in the ζ potential and for small values of ζ . His results are in good agreement with those by Booth for the case of a suspension having the shape of an infinite horizontal sheet, with all ions having equal ionic mobilities.
Using a small perturbation scheme similar to that used in the theory of the electrophoretic mobility of a colloidal particle developed by O'Brien and White (10), Ohshima et al. (11) obtained general expressions and presented numerical results for the sedimentation velocity and potential in a suspension of charged spheres over a broad range of ζ potential and double layer thickness. Starting from an accurate analytical formula for the electrophoretic mobility reported in a previous paper (12) , they used the Onsager reciprocal relation to derive an expression for the sedimentation potential, valid for all values of ζ potential and thin double layers. More recently, other particle geometries than the sphere have been analyzed. In particular the effect of the deformation of the ion cloud surrounding a charged cylinder on the sedimentation velocity has been investigated semianalytically (13) .
In the last few years, many important contributions have appeared dealing with the problem of electrokinetics in general, and sedimentation in particular, of suspensions composed of soft or composite particles, owing to their importance in the areas of engineering science (14) . Very recently, Keh and Liu (15) studied the sedimentation velocity and potential in a dilute suspension of charged composite spheres, i.e., spherical particles with hard cores and linked surrounding porous shells. Their results show that the presence of fixed charges on the rigid core and in the porous shell of the particles slows down its settling velocity relative to that of an uncharged one.
On the other hand, and simultaneously, a great deal of time and effort has been employed to improve the theoretical results predicted by the standard electrokinetic theories dealing with different electrokinetic phenomena in colloidal suspensions. One of the most relevant extensions of these electrokinetic models has been the inclusion of a dynamic Stern layer onto the surface of the colloidal particles. Thus, Zukoski and Saville (16) developed a dynamic Stern layer model to reconcile the differences observed between ζ potentials derived from static electrophoretic mobility and conductivity measurements. Mangelsdorf and White (17) , using the techniques developed by O'Brien and White for the study of the electrophoretic mobility of a colloidal particle (10) , presented in 1990 a rigorous mathematical treatment for a general dynamic Stern layer model. They analyzed the effects of different Stern layer adsorptions isotherms on the static field electrophoretic mobility and suspension conductivity.
More recently, the theory of Stern layer transport has been applied to the study of the low frequency dielectric response of colloidal suspensions by Kijlstra et al. (18) , extending the thin double layer theory of Fixman (19, 20) to incorporate a surface conductance layer. In a more extensive analysis, Rosen et al. (21) generalized the standard theory of the conductivity and dielectric response of a colloidal suspension in AC fields of DeLacey and White (22) , assuming the model of Stern layer developed by Zukoski and Saville (16) . Very recently, Mangelsdorf and White (23, 24) presented a rigorous mathematical study for a general dynamic Stern layer model to be applied to time-dependent electrophoresis and dielectric response. In the majority of cases the theoretical predictions of the DSL models improve the comparison between theory and experiment (18, 21, 25, 26) as compared to the standard ones, although there are still important discrepancies.
Another electrokinetic phenomenon of increasing interest in the last few years has been the primary electroviscous effect. The standard theory developed by Watterson and White (27) to calculate the primary electroviscous coefficient in a suspension of charged spherical particles has been recently extended to include a dynamic Stern layer (28) in an attempt to account for the discrepancies frequently found between standard theoretical predictions and experimental data (29) (30) (31) (32) . Nevertheless, it is worth noting that in this case the DSL model predicts even lower values of the electroviscous coefficient than the standard does, thus increasing the differences between calculated and measured electroviscous coefficients.
Thus, it seemed of interest to explore the effects of extending the standard theory of the sedimentation velocity and potential in a dilute suspension of charged spherical colloidal particles developed by Ohshima et al. (11) , to include a dynamic Stern layer model. The aim of this paper is to present a detailed analysis of the appropriate changes in boundary conditions that must be introduced in Ohshima's model when a Stern layer is present. The starting point has been the method proposed by Mangelsdorf and White (17) . Furthermore, we will analyze and compare the predictions of the DSL model relative to the standard one. In doing so, we will show that the presence of a Stern layer provokes an almost negligible increase on the magnitude of the sedimentation velocity of a colloidal particle, whatever the values of Stern layer and solution parameters used in the calculations. On the other hand, we will find that the presence of a Stern layer causes the sedimentation potential to decrease with respect to the standard prediction.
Finally, we will present numerical calculations confirming that the Onsager reciprocal relation between sedimentation and electrophoresis is still satisfied when DSL models including a dynamic Stern layer are used separately to calculate, on the one hand, the electrophoretic mobility, and on the other, the sedimentation potential in a colloidal suspension. To that end, the DSL theory of electrophoresis (17) was numerically solved by using a numerical technique developed by DeLacey and White in their theory of the dielectric response of a colloidal suspension in time-dependent fields (22) , and used to calculate the electrophoretic mobility of a colloidal particle. Then, a comparison between the latter and the sedimentation potential calculated with the DSL sedimentation theory was made, verifying the Onsager relation with great accuracy. This was expected to occur after Ohshima et al. (11) demonstrated that the Onsager reciprocal relation between sedimentation and electrophoresis could be directly obtained from the standard electrokinetic equations, which are the same as those we used for the DSL theory in this paper. In any case, the numerical agreement can be considered on its own as a mathematical proof of the accuracy of our calculations concerning both DSL theories.
STANDARD GOVERNING EQUATIONS AND BOUNDARY CONDITIONS
Before proceeding to the analysis of the changes arising from the inclusion of a dynamic Stern layer model into the standard theory (11), it will be useful to briefly review the latter and show the notation used in this paper. Concerned readers are referred to Ohshima's paper (11) for a complete treatment. Consider a charged spherical particle of radius a immersed in an electrolyte composed of N ionic species of valencies z i , bulk number concentrations n ∞ i , and drag coefficients λ i (i = 1, . . . , N). The axes of the coordinate system are fixed at the center of the particle. The latter is assumed to settle with steady velocity U SED , the sedimentation velocity, in the electrolyte solution of viscosity η and mass density ρ m in a gravitational field g. For the spherical symmetry case, both U SED and g have the same direction. In the absence of field g, the particle has a uniform electric potential, the zeta potential ζ , at r = a, where r is the radial spherical coordinate, or equivalently, the modulus of position vector. In fact, r = a is considered as the radius of the "hydrodynamic unit," i.e., a rigid particle plus a thin layer of solution linked to its surface moving with it as a whole. The surface r = a is usually called "slipping plane." This is the plane outside which the continuum equations of hydrodynamics are assumed to hold. A complete description of the system requires a knowledge of the number density or ionic concentration n i (r), the drift velocity v i (r) of each ionic species (i = 1, . . . , N), the fluid velocity u(r), and the pressure p at every point r in the system. The fundamental equations connecting these quantities are (11, 22 ) [6] where e is the elementary electric charge, K B is Boltzmann's constant, and T is the absolute temperature. Equation [1] is Poisson's equation, where ε rs is the relative permittivity of the solution and ε 0 the permittivity of a vacuum. Equations [3] and [4] are the Navier-Stokes equations appropriate to a steady incompressible fluid flow at low Reynolds number in the presence of electric and gravitational body forces. Equation [5] expresses the balance of hydrodynamic drag and electrostatic and thermodynamic forces acting on an ion of type i at position r. Equation [6] is the continuity equation expressing the conservation of the number of each ionic species in the system. The drag coefficient λ i is related to the limiting conductance 0 i of the ith ionic species by (10) 
, [7] where N A is Avogadro's number.
The boundary conditions for the above-mentioned quantities are u = 0 at r = a [8] i.e., the fluid layer adjacent to the particle surface is at rest, and u → −U SED as r → ∞. [9] Since there are no ion fluxes through the slipping plane, [10] wherer is the unit normal outward from the particle surface. We have also the requirement that the disturbance in ionic number density must vanish far from the particles
In the absence of field g, u, and v i are zero, and the unperturbed potential 0 (r ) and the ionic number density n 0 i (r ) are related by the Poisson's equation
ε rs ε 0 [12] where [13] and [14] is the Poisson-Boltzmann equation. The unperturbed electrical potential must satisfy the boundary conditions
Ohshima et al. (11) imposed the additional constraint that the net force acting on the particle or an arbitrary volume enclosing the particle must be zero in a stationary sedimenting system. Accordingly, they obtained a new boundary condition for u far from the particle, representing the far-field behavior of u appropriate to the case of the isolated particle in an infinite electrolyte (11) ,
where ρ p is the particle mass density.
Following Ohshima et al. (11) , it is assumed that in the presence of a weak gravitational field, the above-mentioned quantities are slightly perturbed about their static values. In particular,
The quantities with superscript 0 refer to the case of equilibrium, i.e., no field g applied to the system. We introduce here the electrochemical potential i (r) induced by the perturbation field on each ionic species (i = 1, . . . , N), defined by (10)
. [20] According to Eqs. [14] and [18] - [20] , it is easy to show that the perturbation in ionic number density satisfies
By substituting Eqs. [18] - [21] into the fundamental Eqs.
[1]- [6] , and neglecting products of perturbation quantities where they occur, a set of equations linear in the perturbation quantities can be obtained (11):
The boundary conditions for i are
where we have used Eq. [21] and the fact that far from the particle the perturbation in the potential and ionic concentration should vanish, i.e.,
[27]
For a spherical particle in the absent of field g, the electrical potential and ionic concentrations are radially symmetric. Symmetry considerations were used by Ohshima et al. (11) to write
For the perturbation electrochemical potential it is easy to establish (10, 11) that
, [29] where h(r ) and φ i (r ) depend only on r = |r|. Equation [29] is equivalent to Eq.
[34] in Ohshima's paper (11), but instead of using the perturbation in electrochemical potential δµ i (r) defined by these authors, we have used, following Mangelsdorf and White (17) , the perturbation in electrochemical potential i (r). It is easy to verify that both quantities are connected by
By substituting Eqs. [28] and [29] in Eqs. [22] and [23] , and in the boundary conditions expressed by Eqs. [8] , [17] , [24] , and [25] , a set of coupled ordinary linear differential equations can be obtained (11),
as well as the boundary conditions (11),
where L is an ordinary differential operator defined by (11)
[37]
The behavior of an isolated spherical colloidal particle in a gravitational field is completely determined by solving Eqs. [31] - [32] subject to the boundary conditions in Eqs. [33] - [36] . Its resolution allows the standard sedimentation velocity and potential to be calculated.
EXTENSION TO INCLUDE A DYNAMIC STERN LAYER
We now deal with the problem of considering a dynamic Stern layer on the particle surfaces in a colloidal suspension of spherical particles. We will follow the method developed by Mangelsdorf and White (17) in their theory of static electrophoretic mobility and conductivity in a colloidal suspension, and in their general theory of a mobile Stern layer (23, 24) . Thus, it will be possible to allow for the adsorption and lateral motion of ions within the Stern layer, i.e., in the region between the solid particle surface and the slipping plane. Following Mangelsdorf and White (17) , the evaluation of the flux of type i ions through the slipping plane permits to obtain a new slipping plane boundary condition for the field-induced perturbation in electrochemical potential, including the effects of a dynamic Stern layer,
assuming a Stern layer that is thin compared to either a or the double layer thickness κ −1 , where κ is defined by (33) 
[39]
In our problem, Eq.
[24] will be replaced by Eq.
[38]. In fact it is the small thickness of the Stern layer in comparison with the other length scales that permits slipping plane boundary conditions to be used comprising the effects of a mobile surface layer. ∇ t is the divergence differential operator acting only on the local transverse coordinates (perpendicular tor), and δ i is a surface conductance parameter comprising the effects of the inclusion of a mobile Stern layer allowing ionic transport behind the slipping plane, that can be expressed as (17)
where c ∞ j is the equilibrium molar concentration of type j ions in solution.
Therefore, and according to Mangelsdorf and White, the lateral motion of Stern layer ions depends on: (i) the ζ potential; (ii) the ratio between the drag coefficient λ i of each ionic species in the bulk solution and in the Stern layer λ t i ; (iii) the density of sites N i available for adsorption of ith type ions; (iv) the pK i of ionic dissociation constant for ith ions in the Stern layer (the adsorption of the ith ionic species onto an empty Stern layer site can be represented as a dissociation reaction); (v) the capacity C 2 of the outer Stern layer; (vi) the radius a of the particles, and (vii) the electrolyte concentration.
From the spherical symmetry of the problem it is easy to derive that Eq. [38] becomes
where we have used Eq. [29] , and also to verify that the other (11) , the sedimentation velocity and potential in a dilute colloidal suspension can be expressed in terms of the far-field behavior of h(r ) and φ i (r ) appropriate to the isolated particle. Since the unperturbed potential 0 (r ) dies off exponentially far enough from the particle surface, it is easy to note that the right-hand sides of Eqs. [31] - [32] must be essentially zero at a distance of a few double layer thicknesses κ −1 . The functions h(r ) and φ i (r ) must satisfy in the latter limit the asymptotic equations,
with the boundary conditions, Eqs.
[34] and [36] . This set of equations comprises N second-order and one fourth-order homogeneous equations. By solving them we can obtain the asymptotic forms of functions h(r ) and φ i (r ), which are valid for κ(r − a) 1. These are as follows:
The asymptotic form [45] is compatible with the boundary condition [36] because the term associated with coefficient C N +2 rapidly vanishes as we move far away from the particle surface. There is another reason to choose the solution expressed by Eq.
[45] as the asymptotic form of function h(r ) instead of simply using that of Eq.
[36]. For the standard case of uncharged particles (ζ = 0), it is well known that the sedimentation velocity of a spherical particle takes the form
the Stokes formula for the sedimentation velocity of uncharged spheres. On the other hand, the asymptotic forms of functions h(r ) and φ i (r ) are indeed exact up to the slipping plane when ζ = 0 (note that the right-hand sides of Eqs. 
and therefore,
Equating Eq.
[50] with Eq.
[46] we obtain
and using Eq.
[49]
[52]
For non-zero ζ potentials, the coefficient C N +3 in Eq. [32] . These are obtained systematically as described in the Appendix.
A convenient quantity to illustrate the influence of a surface charge and of course a dynamic Stern layer on the particle surface is the ratio of the modulus of the sedimentation velocity U SED to the Stokes velocity U ST SED . This ratio can be written as (see Eqs.
[45]-[51])
Thus, obtaining the sedimentation velocity reduces basically to calculate the coefficient C N +1 of the asymptotic behavior of the function h(r ). Hence, the ratio of the modulus of the standard sedimentation velocity by Ohshima et al. (11) ((U SED ) OHS hereafter) to the same quantity when a dynamic Stern layer is present ((U SED ) DSL hereafter) will be given by
in terms of the above-mentioned asymptotic coefficients for the standard and DSL asymptotic forms of solution h(r ).
On the other hand, Ohshima et al. (11) calculated the sedimentation potential gradient or sedimentation field E SED following the method developed by O'Brien and White (10) to obtain the volume average current in the suspension. This average must be zero according to the requirement by Saville (9) of zero net electric current in the suspension. Finally they found for the sedimentation field (11),
when φ is the particle volume fraction in the suspension. Note that the sedimentation field E SED is expressed in terms of the coefficients C 1 , . . . , C N of the asymptotic form of the solutions φ 1 (r ), . . . , φ N (r). As we will see, it is preferable to represent the scaled sedimentation field E * SED defined by (11)
where K ∞ is the electric conductivity of the electrolyte solution in the absence of colloidal particles.
As it is already known, the sedimentation potential is found to satisfy an Onsager relation between sedimentation and electrophoresis (11) , namely
where µ E is the corresponding electrophoretic mobility of a spherical colloidal particle. [59]
In order to get a clear picture of the influence of a dynamic Stern layer on the sedimentation field with respect to the standard case, we have calculated the ratio:
[60]
In the next section, we will numerically find that the Onsager relation (Eq.
[57] or [59] ) is also maintained between the DSL scaled electrophoretic mobility (µ * E ) DSL (where the same constant as that of Eq.
[58] has been used to scale the mobility) and the DSL scaled sedimentation field (E * SED ) DSL , i.e.,
This is what we expect to occur because the electrophoretic mobility and the sedimentation field are linked by the same fundamental equations, usually called "the electrokinetic equations." In summary, we have solved the two DSL theories with the numerical procedure developed by DeLacey and White (22), which we specifically adapted for each case, and then checked that our numerical calculations still obey the Onsager relation for the general case when a dynamic Stern layer is present.
RESULTS AND DISCUSSION

Sedimentation Velocity
We show in Fig. 1 the ratio of standard and DSL sedimentation velocities in KCl electrolyte solution, for several values of the parameter κa as well as a particular set of Stern layer parameters, as a function of the scaled ζ potential. The selected values of the Stern layer parameters are indeed extreme values, but as Mangelsdorf and White (17) pointed out, they could serve to illustrate the order of magnitude of the maximum possible effects of the incorporation of a dynamic Stern layer into the standard model. In the representative example depicted in Fig. 1 , we can observe the relatively small importance of the DSL correction upon varying the parameter κa, or equivalently, the electrolyte concentration (a is fixed in this picture). Likewise, it is worth noting the presence of a minimum in the ratio (a maximum deviation from the standard model) for each κa value, although its position does not show a very clear trend. In the limits when κa → 0 or κa → ∞, the ratio tends to unity indicating, as it would be expected, that the Stern layer effects are negligible. This behavior is easy to explain because in the case κa → 0 relatively few ions are adsorbed into the Stern layer; and in the limit κa → ∞, because the Stern layer reaches saturation while the diffuse layer charge density continues to rise, rapidly overshadowing the effects of the dynamic Stern layer.
The overall interpretation of Fig. 1 suggests that when a gravitational field is present, a weaker electrical interaction exists between the particle and the ionic solution, when the DSL case is considered, in comparison with the standard case for the same ζ potential and κa. This could be explained as a consequence of a decrease in the electrostatic body force exerted by the particle on the fluid within the double layer. Thus, the above-mentioned relaxation effect will be less important probably due to the coupling between the perturbation in ionic densities in the diffuse and Stern layers. That coupling tends also to diminish the magnitude of ionic perturbation densities, behaving as a screening effect that decreases the electrical forces on diffuse layer ions, specially counterions. Therefore, the fluid flow around the particle while falling under gravity is less hindered by the electrical forces involved in the relaxation effect in comparison with the standard case. These forces generally act as a brake for the relative fluidparticle motion, and therefore, the settling velocity will increase upon decreasing the intensity of these forces, as indeed occurs when a DSL is considered.
From another point of view, it can be stated that the "microscopic electric field" arising from the distortion of the double layer in a settling charged particle reduces the sedimentation velocity with respect to the Stokes velocity (uncharged particle) to a larger extent when the standard model is considered. In summary, the less important the relaxation effect, the larger the values of the sedimentation velocity that should be expected.
Another remarkable detail of the graph in Fig. 1 is that the deviation of (U SED ) DSL from the standard (U SED ) OHS is maximum at κa ≈ 1. In fact, the ratios of both sedimentation velocities to the Stokes velocity U ST SED reach maximum deviations from unity in the neighborhood of κa ≈ 1, making the ratio of (U SED ) OHS to (U SED ) DSL more sensitive in this range of κa values. On the other hand, at high ζ potential the Stern layer will be saturated, as compared with the electric diffuse double layer, thus approaching the standard case. Therefore, the diffuse double layer charge density becomes in this limit much larger than the Stern layer charge density, while at low ζ potentials there are no significant differences between the relaxation effects in both standard and DSL cases. As a consequence, the highest relative deviations between the two models are expected to occur at intermediate ζ potentials, depending on the κa value, but mainly, for reasonably thick double layers. Concerning the existence of a maximum in the differences between the standard and DSL predictions, for κa ∼ 1, it can be argued that when κa increases from zero, the Stern layer charge becomes more significant, and so does its above-mentioned role in decreasing the electrical body force exerted on the fluid by the particle. As a consequence, the Stokes (zero ζ potential) fluid flow is less perturbed, as compared to the standard prediction. When κa is further increased, inner layer effects become partially masked by the opposed diffuse layer influence (the only one considered by the standard model). Under such conditions, the DSL predictions will be increasingly similar to those of the standard theory, thus yielding a smaller deviation of the sedimentation velocity the larger the increase in κa. These competing mechanisms might explain the different behavior of the sedimentation velocity ratio below and above κa ∼ 1.
It is desirable now to remember that the modification in the standard boundary condition (Eq. [33] ) implied by the dynamic Stern layer (Eq. [41]) involves the knowledge of the surface conductance parameter δ i (i = 1, . . . , N) of each ionic species. When these parameters are zero we return to the standard case. On inspection of Eq.
[40] it can be seen that we approach this limit when: (i) the Stern layer drag coefficients are much larger than their bulk values; (ii) the density of sites available for adsorption, N i , or the maximum adsorbed charge in the Stern layer, eN i , for each ionic species (i = 1, . . . , N) tends to zero; (iii) the Stern-layer ion binding is weak, i.e., for small values of pK i (i = 1, . . . , N) , etc. All these trends are clearly observed The effect on the sedimentation velocity ratio of increasing the maximum charge density of counterions, eN − , in the Stern layer for κa = 1 (the particles are assumed to be positively charged for all the calculations in this paper) is displayed in Fig. 2 (the remaining Stern layer parameters keeping the same values as those in Fig. 1 ). The same trend is observed in this figure as that of the curve corresponding to κa = 1 in Fig. 1 , regardless of the values chosen for the charge density. Accordingly, the larger the value of the parameter eN − for counterion species, the more important the deviation of the sedimentation velocity from the standard model. Increasing eN − provokes a smaller electrical interaction between the particle and the ionic species in the distorted diffuse double layer; i.e., the relaxation effect and the associated retarding forces of electrical origin acting on the particle decrease, affecting in turn the hydrodynamics   FIG. 3 . Same as Fig. 1 , for varying pK − of counterion dissociation constant, at fixed κa = 1.0. The other DSL parameters are fixed as indicated in Fig. 1. FIG. 4 . Same as Fig. 1 , for varying counterion drag ratio, λ − /λ t − , at fixed κa = 1.0. The other DSL parameters are fixed at the values shown in Fig. 1. of the fluid motion around the particle: the particle increases its velocity as compared with the standard case, increasing as well the retarding forces until the stationary state is reached. The sedimentation velocity of the particle in that state must then be correspondingly larger than that of standard case, or in other words, the deviation from unity of the sedimentation velocity ratio increases, for κa and ζ fixed, upon increasing the maximum adsorbed countercharge in the Stern layer.
In Fig. 3 we represent the sedimentation velocity ratio as a function of ζ potential for varying pK − of counterion dissociation constant, keeping the remaining parameters fixed. On decreasing the counterion dissociation constant, or equivalently, increasing the binding strength of the counterion to the surface site (increasing pK − ), a larger number of counterions is incorporated to the Stern layer. Thus, the effect of a dynamic Stern layer is obviously more important the higher the value of this parameter. We can observe in Fig. 3 that the maximum deviation of the sedimentation velocity ratio from unity shifts toward lower ζ potential upon increasing pK − (see in Fig. 2 the different behavior of the ratio when the eN − parameter is allowed to extensively vary for fixed pK − ). When a particle is placed in a gravitational field, increasing the number of ions in the Stern layer for fixed ζ and κa will decrease the electrical retarding forces associated with the relaxation effect. On the other hand, the relaxation effect is very sensitive to variations in counterion dissociation constant, as shown in Fig. 3 for fixed ζ . Thus, the higher the value of pK − , the closer we are to a saturated Stern layer, and consequently, the lower the ζ potential of which the maximum deviation of the ratio is obtained. Figure 4 displays the sedimentation velocity ratio as a function of ζ potential for varying counterion drag ratios, λ − /λ t − . As the counterion drag ratio increases, the Stern layer counterion mobility increases. Apparently, no shift in the maximum deviation of the ratio seems to be present whatever the values chosen for the counterion drag ratio. In any case, the mere presence of possibly mobile counterions in the Stern layer leads to a larger sedimentation velocity as compared to that of the standard case.
In summary, some conclusions can be drawn regarding the trends depicted in the above-mentioned figures. In the absence of an external electric field, and in the presence of a gravitational field, the perturbed Stern layer seems to give rise to a screening mechanism that partially overshadows the relaxation effect, in comparison with the standard prediction for the same particle and diffuse layer conditions. Consequently, the particle will achieve a larger sedimentation velocity than it would in the absence of a Stern layer.
Similar calculations, not shown here for brevity, showed that changes in DSL parameters for coions have a negligible effect on the velocity ratio. This result, already found when the DSL model was applied to such electrokinetic phenomena as electrophoretic mobility, DC conductivity, or dielectric response (17, 23, 24) , is easy to understand: the electrostatic repulsive forces exerted on coions by the particle lead to a smaller coion concentration in the double layer the closer they are to the particle surface.
Finally, a general conclusion can be drawn: the presence of a dynamic Stern layer onto the particle surface has negligible effect, or at least a minor influence, on the dynamics of the settling particle, as clearly reflected by the small magnitude of the changes in the sedimentation velocity ratio shown in Figs. 1-4. This conclusion is based on our treatment, valid to zeroth order in φ volume fraction. In order to obtain the next order correction, it is necessary to take into account the electrophoretic retardation on the particle due to the sedimentation field E SED , which is of first order in volume fraction, as well as particleparticle interactions of the same order.
Sedimentation Potential
As pointed out in a previous section, the standard sedimentation potential by Ohshima et al. (11) satisfies an Onsager reciprocal relation between sedimentation and electrophoresis. It is well known that the incorporation of a dynamic Stern layer to the standard theory of the electrophoretic mobility of a colloidal particle (10), as was made by Mangelsdorf and White (17) , gives rise to very important changes in the behavior and magnitude of the electrophoretic mobility.
Before proceeding with the analysis of the Stern layer effects on the sedimentation field, we have checked if the abovementioned Onsager reciprocal relation between sedimentation and electrophoresis is also maintained when a dynamic Stern layer is present. This must be true, and hence the application of Eq.
[57] could rapidly permit us to obtain the sedimentation field once the electrophoretic mobility is known. Thus, we have numerically solved the equations of the theory of the electrophoretic mobility of a colloidal particle, developed by Mangelsdorf and White (17) to allow for surface Stern layer transport, by using the numerical procedure developed by DeLacey and White (22) .
As previously noted, the standard scaled electrophoretic mobility numerically coincides with the standard scaled sedimentation field (see Eqs.
[56]-[59]) if the reciprocal Onsager relation is satisfied. In order to check that a similar condition also applies for the DSL case, we have directly calculated the latter two quantities from the corresponding DSL theories. The results obtained can be seen in Fig. 5 as a function of ζ potential for different values of eN − (similar conclusions can be drawn when other Stern layer parameters are allowed to vary although they are not shown here for brevity). The parameter κa was fixed at a value of 32.86 in order to verify the accordance of our numerical solutions for the scaled DSL sedimentation field with those in Mangelsdorf and White's paper (17) for the scaled DSL electrophoretic mobility (in their paper κa was fixed at exactly that value). The main remarkable feature in Fig. 5 is the perfect numerical agreement found between (E * SED ) DSL and (µ * E ) DSL , clearly confirming that the above-mentioned reciprocal Onsager relation is rigorously satisfied. Therefore, we can derive the DSL sedimentation field by simply replacing the DSL electrophoretic mobility into the Onsager relation. Thus, all the trends already found for (µ * E ) DSL as a function of ζ potential or κa (17) can also be observed for (E * SED ) DSL , regardless of the particular set of Stern layer parameters selected.
Likewise, it is worth noting the large magnitude of the changes the sedimentation field undergoes when the parameter eN − is allowed to vary (see Fig. 5 ). On increasing eN − , (E * SED ) DSL decreases and the observed maxima broaden and almost completely disappear. As established in a previous section, the microscopic dipolar electric field arising from the distortion of the double layer of every particle in the suspension superimposes to give rise to the macroscopic sedimentation field. In the stationary state, this field is uniform in a homogeneous suspension and will depend on the strength of the dipolar electric moment induced on the particle while falling steadily under gravity. We showed before that the relaxation effect is less important upon in-FIG. 5. Scaled standard and DSL sedimentation potentials ((E * SED ) OHS and (E * SED ) DSL , respectively) and scaled standard and DSL electrophoretic mobilities ((µ * E ) OBW and (µ * E ) DSL , respectively) in a dilute colloidal suspension of spherical particles in a KCl solution at 25 • C, as a function of dimensionless ζ potential, for varying counterion charge density in the Stern layer, eN − (µC/cm 2 ). κa = 32.86, and the other DSL parameters are fixed as indicated in Fig. 1.   FIG. 6 . Same as Fig. 5 , but for the case of the ratio between scaled DSL ((E * SED ) DSL ) and standard ((E * SED ) OHS ) sedimentation fields.
creasing eN − , therefore allowing the particle to achieve a higher sedimentation velocity in the gravitational field. However, increasing eN − provokes the sedimentation field to decrease; i.e., the less important the relaxation effect, or equivalently the induced dipolar electric moment, the smaller the magnitude of the sedimentation field to be generated in the suspension. An important feature to point out is that the large influence on the magnitude of the sedimentation field upon varying the parameter eN − also applies for whatever counterion Stern layer parameter when the latter is allowed to vary, although their specific analyses are not shown here for brevity. Thus, the ratio of the DSL scaled sedimentation field, (E * SED ) DSL , to the standard one, (E * SED ) OHS , is displayed in Fig. 6 as a function of ζ potential for several values of the parameter eN − . As previously noted, at very high ζ potentials the dynamic Stern layer becomes less important approaching to saturation, and therefore, the scaled sedimentation field ratio will tend to unity in that limit. Note also that at intermediate ζ potentials and for the largest eN − value analyzed, the magnitude of the standard sedimentation field is almost twice that of DSL sedimentation field. In summary, the importance of a DSL sedimentation theory has been clearly established concerning the theoretical predictions of the sedimentation field. This is a very important feature to keep in mind when interpreting experimental results of the sedimentation potential gradient in dilute colloidal suspensions. However, the theoretical sedimentation velocity (correct to the zeroth order in particle volume fraction) is not significantly altered when a DSL model is applied to the problem of a settling charged spherical particle.
APPENDIX
We briefly describe here the method used to find the N + 3 linearly independent solutions of the system of homogeneous equations given in Eqs. [31] and [32] . Following DeLacey and White (22) , the asymptotic coefficients are assigned the values
for each value of j ( j = 1, 2, . . . , N + 3). Here δ i j is the usual Kronecker delta. Then, starting at a point r 0 such that κ(r 0 − a) 1 where the asymptotic forms given in Eqs. [44] and [45] are valid, we solve the homogeneous system, Eqs. [31] and [32] , down to r = a. Thus we obtain the functions {{φ . In this way we obtain a set of N + 2 algebraic equations: We note that because of the way the functions φ . . , C N+2 , that will be required to obtain both the sedimentation velocity and the potential.
